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LITTLEWOOD-PALEY FORMULAS AND CARLESON
MEASURES FOR WEIGHTED FOCK SPACES INDUCED
BY A∞-TYPE WEIGHTS
CARME CASCANTE, JOAN FA`BREGA, AND JOSE´ A. PELA´EZ
Abstract. We obtain Littlewood-Paley formulas for Fock spaces Fqβ,ω
induced by weights ω ∈ Arestricted∞ = ∪1≤p<∞A
restricted
p , whereA
restricted
p
is the class of weights such that the Bergman projection Pα, on the clas-
sical Fock space F2α, is bounded on
Lpα,ω :=
{
f :
∫
C
|f(z)|pe−p
α
2
|z|2 ω(z)dA(z) <∞
}
.
Using these equivalent norms for Fqβ,ω we characterize the Carleson mea-
sures for weighted Fock-Sobolev spaces Fq,nβ,ω.
1. Introduction
Let C be the complex plane and denote by H(C) the space of entire
functions. For 0 < p, α < ∞, let Lpα be the space of measurable functions
such that
‖f‖p
Lpα
:=
pα
2pi
∫
C
|f(z)|pe−p
α
2
|z|2 dA(z) <∞,
where dA denotes the Lebesgue measure in C. The classical Fock spaces
Fpα consists of the f ∈ H(C) such that f ∈ L
p
α [19, 21]. A function ω : C→
[0,∞) is a weight if ω belongs to L1loc(C, dA). In this paper, we will deal
with the weighted spaces of measurable functions,
Lpα,ω :=
{
f : ‖f‖p
Lpα,ω
=
∫
C
|f(z)|pe−p
α
2
|z|2 ω(z)dA(z) <∞
}
,
and the weighted Fock spaces Fpα,ω = L
p
α,ω ∩H(C).
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The orthogonal projection Pα : L
2
α → F
2
α coincides with the integral
operator
Pα(f)(z) :=
α
pi
∫
C
f(ζ)eαζze−α|ζ|
2
dA(ζ), f ∈ L2α.
The boundedness of projections on Lp-spaces is a classical and interesting
topic, with a flurry of activity in the recent years, which has plenty of
applications on operator theory [1, 2, 10, 17, 20, 21]. It is known that Pα,
and the positive linear operator
P+α (f)(z) :=
α
pi
∫
C
f(ζ)|eαζz|e−α|ζ|
2
dA(ζ), f ∈ L2α,
are bounded on the classical Lp(C, e−α|·|
2
dA) if and only if p = 2. However
they are bounded on Lpα for any p ≥ 1, [21, Theorem 2.20] (see also [19]).
Recently, the weights such that Pα is bounded on L
p
α,ω have been described
in [10, Theorem 3.1]. In order to state this result, we need a bit more of
notation. If E ⊂ C is measurable, we denote by |E| its Lebesgue area
measure and let ω(E) :=
∫
E
ω(z) dA(z). Throughout the paper Q denotes
a square in R2. We write l(Q) for its side length and as usual, 1
p
+ 1
p′
= 1,
for 1 ≤ p ≤ ∞.
Let Ap,r be the class of weights ω on C such that ω(z) > 0 a.e. on C and
Cp,r(ω) := sup
Q, l(Q)=r
(
1
|Q|
∫
Q
ω dA
)(
1
|Q|
∫
Q
ω−
p′
p dA
) p
p′
<∞.
If z0 ∈ C and γ ∈ R, ω(z) = (1 + |z + z0|)
γ and ω(z) = eγ|z+z0| belong to
∪p>1A
restricted
p (see the proof of Lemma 2.1 below).
We recall that for a measurable function f in C the Berezin transform of
f is given by
f˜ (α)(z) :=
α
pi
∫
C
e−α|z−u|
2
f(u) dA(u).
Theorem A. Let β > 0, 1 < p <∞ and ω a weight such that ω(z) > 0 a.
e. on C. Then, the following conditions are equivalent;
(i) ω belongs to Ap,r for some r > 0;
(ii) ω belongs to Ap,r for any r > 0;
(iii) For each α, γ > 0
sup
z∈C
ω˜(α)(z)
(
ω˜−
p′
p
(γ)
(z)
) p
p′
<∞;
(iv) Pβ is bounded on L
p
β,ω;
(v) P+β is bounded on L
p
β,ω.
The conditions (iii) and (v) in Theorem A do not appear in the statement
of [10, Theorem 3.1]. The equivalence of (v) with (ii) follows easily from
the proof of [10, Theorem 3.1]. Moreover, the “invariant”description of Ap,r
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weights obtained via the Berezin transform was proved in [10, p. 397] (it
also follows from Lemma 2.8 below).
In order to complete the picture about the boundedness of the Bergman
projection on Lpβ,ω, we will deal with the remaining case p = 1. In particular,
fixed r > 0, we say that a weight ω ∈ A1,r if ω(z) > 0 a.e. on C and there
is a constant C = C(r, ω) such that for any square with l(Q) = r,
ω(Q)
|Q|
≤ Cω(u), a. e. u ∈ Q.
We denote
C1,r(ω) := sup
Q, l(Q)=r
ω(Q)
|Q|infessu∈Qω(u)
.
We will prove an analogous version of Theorem A for A1,r weights (see
Proposition 2.7 below).
In view of Theorem A and Proposition 2.7, the condition Ap,r does not
depend on r. So from now on, following the notation in [10], we will write
Arestrictedp for these classes of weights. Moreover, ω ∈ A
restricted
p if and only
if P+α is bounded on L
p
α,ω for some (equivalently for any) α > 0.
Similarly to Muckenhoupt weights, we denote
Arestricted∞ :=
⋃
1≤q<∞
Arestrictedq .
A discussion about properties and examples of Arestrictedp -weights, as well as
similarities and differences with the classical Muckenhoupt weights, will be
provided in Section 2. In particular, we sketch the proof of a character-
ization of Arestricted∞ -weights, in the sense of Kerman and Torchinsky [12],
obtained in [7].
Equipping a space of functions with different equivalent norms results
to be quite effective in the study of function and concrete operator theory
[1, 5, 17, 20, 21]. In the context of Fock spaces, it is known that (see [3, 4, 5])
for any α, p > 0
‖f‖p
Fpα
≍
k−1∑
j=0
|f (j)(0)|p +
∫
C
|f (k)(z)|p
(1 + |z|)kp
e−p
α
2
|z|2 dA(z), f ∈ H(C), (1.1)
that is, the distortion function in the above Littlewood-Paley formula is
ψ(z) = 1
1+|z|
. We will use Theorem A, among other techniques, to prove an
extension of (1.1) to weighted Fock spaces induced by Arestricted∞ - weights.
Theorem 1.1. Let ω ∈ Arestricted∞ . Then, for 0 < p <∞, k ∈ N and α > 0
‖f‖p
Fpα,ω
≍
k−1∑
j=0
|f (j)(0)|p+
∫
C
|f (k)(z)|pe−p
α
2
|z|2 ω(z)
(1 + |z|)kp
dA(z), f ∈ H(C).
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As for the proof of Theorem 1.1, it is enough to prove the case k = 1
because
ωγ(z) :=
ω(z)
(1 + |z|)γ
∈ Arestricted∞ , γ ∈ R,
whenever ω ∈ Arestricted∞ (see Lemma 2.1 below).
Later on, we apply Theorem 1.1 to study the boundedness of the differ-
entiation and integration operator. We denote D(n)(f) = f (n), n ∈ N,
D(0)(f) = f , D(−1)(f)(z) =
∫ z
0
f(ζ) dζ and D(−n)(f) = D(−n+1) ◦D(−1)(f),
n ∈ N. Given 0 < α, p, q < ∞, a positive Borel measure µ on C is a q-
Carleson measure for Fpα,ω if the identity Id : F
p
α,ω → L
q(µ) is a bounded
operator. We denote by D(z, r) the Euclidean disc of center z and radius
r > 0.
Theorem 1.2. Let α ∈ (0,∞), n ∈ Z, ω ∈ Arestricted∞ and µ a finite positive
Borel measure on C such that supk∈N ‖z
k‖Lq(µ) <∞.
If 0 < p ≤ q <∞, the following conditions are equivalent:
(i) D(n) : Fpα,ω → L
q(µ) is a bounded operator;
(ii) µ is a q-Carleson measure for Fpα,ωnp;
(iii) The function
G(a) :=
1
(ωnp(D(a, 1)))
q
p
∫
D(a,1)
eα
q
2
|z|2 dµ(z)
is bounded on C.
Moreover, if n ∈ N ∪ {0}
‖Id‖
q
Fpα,ωnp→L
q(µ)
≍ ‖D(n)‖q
Fpα,ω→Lq(µ)
≍ ‖G‖L∞, (1.2)
and for n a negative integer,
‖Id‖
q
Fpα,ωnp→L
q(µ)
+ Cµ,n ≍ ‖D
(n)‖q
Fpα,ω→Lq(µ)
+ Cµ,n ≍ ‖G‖L∞ + Cµ,n. (1.3)
where Cµ,n = maxk=0,...,−n−1 ‖z
k‖qLq(µ) <∞.
If 0 < q < p <∞, the following conditions are equivalent:
(i) D(n) : Fpα,ω → L
q(µ) is a bounded operator;
(ii) µ is a q-Carleson measure for Fpα,ωnp;
(iii) The function
H(u) :=
1
ωnp (D(u, 1))
∫
D(u,1)
e
qα|z|2
2 dµ(z)
is in L
p
p−q (C, ωnp).
Moreover, if n ∈ N ∪ {0},
‖Id‖
q
Fpα,ωnp→L
q(µ)
≍ ‖D(n)‖q
Fpα,ω→Lq(µ)
≍ ‖H‖
L
p
p−q (C,ωnp)
, (1.4)
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and if n is a negative integer,
‖Id‖
q
Fpα,ωnp→L
q(µ)
+ Cµ,n ≍ ‖D
(n)‖q
Fpα,ω→Lq(µ)
+ Cµ,n ≍ ‖H‖
L
p
p−q (C,ωnp)
+ Cµ,n.
(1.5)
It is worth noticing that the technical assumption supk∈N ‖z
k‖Lq(µ) < ∞
in Theorem 1.2, which is only used when n is a negative integer, is not a real
restriction (see Lemma 2.8 below). Let us also consider the Fock-Sobolev
spaces Fp,nα,ω, n ∈ N, of the entire functions such that
‖f‖p
Fp,nα,ω
:=
n−1∑
k=0
|f (k)(0)|p +
∫
C
|f (n)(z)|pe−p
α
2
|z|2 ω(z)dA(z) <∞.
By Theorem 1.1 and Lemma 2.1 (below), Fp,nα,ω coincides with F
p
α,ω−np
,
so Theorem 1.2 also gives a description of the q-Carleson measures for
Fock-Sobolev spaces induced by Arestricted∞ -weights. A characterization of
q-Carleson measures for classical Fock-Sobolev spaces is provided in [15],
see also [3, 11].
As a consequence of Theorem 1.2 we obtain characterizations of pointwise
multipliers between weighted Fock spaces, Fpα,ω and F
q
β,η, for 0 < q, p <∞,
η a weight and ω ∈ Arestricted∞ , which are particularly neat for ω = η, see
Theorem 5.4 below.
This paper is organized as follows. In Section 2 we study Arestrictedp -weights
and prove a collection of preliminary results which will be employed to prove
Proposition 2.7. These estimates will also be used to prove Theorem 1.1 in
Section 3. We prove Theorem 1.2 in Section 4. Finally, in Section 5 we apply
the descriptions on Carleson measures for Fpα,ω to obtain characterizations
of pointwise multipliers between weighted Fock spaces.
For two real-valued functions E1, E2 we write E1 ≍ E2, or E1 . E2, if
there exists a positive constant k independent of the argument such that
1
k
E1 ≤ E2 ≤ kE1, respectively E1 ≤ kE2. Given a weight ω ∈ A
restricted
p ,
1 < p < ∞, we denote the conjugate weight ω−p
′/p by ω′. We write R(z)
for the real part of a complex number z.
2. Arestrictedp weights versus classical Muckenhoupt Ap weights.
In this section we briefly discuss some aspects of the theory of Arestrictedp -
weights, in particular we give examples and descriptions of these classes
of weights. Some of these characterizations are not used in the proofs of
further results in this work. However we consider relevant to understand
the basic features of Arestrictedp -weights, specially comparing them with their
analogues into the theory of classical Muckenhoupt weights. We recall that
ω belongs to the class of Muckenhoupt weights Ap, 1 < p <∞, if
Ap(ω) := sup
Q
ω(Q)
|Q|
(
ω′(Q)
|Q|
) p
p′
<∞,
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where the supremum runs over all the squares Q ⊂ C. In addition, ω ∈ A1
if
A1(ω) := sup
Q
ω(Q)
|Q|infessu∈Qω(u)
<∞.
An extensive study of these weights can be found, for instance, in [9, 18].
2.1. The class Arestrictedp with 1 ≤ p <∞.
We begin gathering some properties of Arestrictedp -weights which are anal-
ogous to the properties of Muckenhoupt weights (see [18, p. 195]). We write
Qr(z) for the square of center z ∈ C, with sides parallel to the coordinate
axes and l(Q) = r.
Lemma 2.1. Let p ≥ 1, γ ∈ R and ω ∈ Arestrictedp . Then
ωγ =
ω(z)
(1 + |z|)γ
∈ Arestrictedp .
Proof. Fix r > 0. Then for any z0 ∈ C,
(1 + |z|)
1 + r
≤ (1 + |z0|) ≤ (1 + r)(1 + |z|), z ∈ Qr(z0).
So, it follows that ω(z)
(1+|z|)γ
∈ Arestrictedp . 
Proposition 2.2. Let ω be a weight such that ω(z) > 0 a. e. on C. Then,
(i) If 1 < p <∞, ω ∈ Arestrictedp if and only if ω
′ = ω−p
′/p ∈ Arestrictedp′ .
(ii) If 1 ≤ p <∞, ω ∈ Arestrictedp if and only if for some (equivalently for
any) r > 0 there is a constant Cr > 0 such that for any nonnegative
measurable function f(
1
|Q|
∫
Q
fdA
)p
≤
Cr
ω(Q)
∫
Q
f pωdA, for any Q with l(Q) = r. (2.1)
(iii) If 1 ≤ p < q <∞, Arestrictedp ( A
restricted
q .
(iv) If 1 ≤ p <∞, Ap ( A
restricted
p .
Proof. (i) follows from the definition of Arestrictedp -weights. Let us prove
(ii). If p > 1, Ho¨lder’s inequality gives that any ω ∈ Arestrictedp satisfies
(2.1). Conversely if a weight satisfies (2.1), by choosing f = (ω + ε)−p
′/p,
ε > 0, and taking limit ε → 0+, we deduce that ω ∈ Arestrictedp . Now, if
ω ∈ Arestricted1 , then for any f ≥ 0, and any square Q,
1
|Q|
∫
Q
fdA ≤
Cr
ω(Q)
∫
Q
fωdA. (2.2)
On the other hand, if ω satisfies (2.2) then Ho¨lder’s inequality gives that
for any 1 < p <∞, (
1
|Q|
∫
Q
fdA
)p
≤
Cpr
ω(Q)
∫
Q
f pωdA, (2.3)
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which implies that ω ∈ Arestrictedp and Cp,r(ω) ≤ C
p
r . Since
lim
p→1+
(
1
|Q|
∫
Q
ω−
p′
p dA
) p
p′
= supessu∈Qω
−1(u),
we conclude that ω ∈ Arestricted1 .
(iii) for p > 1 is a consequence of Ho¨lder’s inequality, where ω(z) =
|z|2(δ−1), for δ ∈ (p, q) proves that the inclusion is strict. If ω ∈ Arestricted1 ,
the assertion follows from the fact that (2.3) holds for any 1 < p <∞.
Finally, it is clear that Ap ⊂ A
restricted
p . In order to see that the embedding
is strict, one can choose the weight ω(z) = (1 + |z|2)p−1, for p > 1. In fact,
Lemma 2.1 shows that ω ∈ Arestrictedp and since
1
|D(0, r)|
∫
D(0,r)
ω dA
(
1
|D(0, r)|
∫
D(0,r)
ω−p
′/p dA
) p
p′
≍
(
log
1
1 + r2
)p−1
→∞, r →∞,
(2.4)
ω is not a classical Ap-Muckenhoupt weight. As for p = 1, ω(z) = e
|z| ∈
Arestricted1 \ A1. 
The following lemma is proved in [10, Lemma 3.4].
Lemma B. For each r > 0, let rZ2 denote the set {rk1+ irk2 : k1, k2 ∈ Z}.
If ω ∈ Arestrictedp , then there is a constant M =M(ω, r, p) such that
ω(Qr(ν))
ω(Qr(ν ′))
≤M |ν−ν
′|
for all ν, ν ′ ∈ rZ2.
Remark 2.3. The above lemma shows that for each L > 0, ω(Qr(ν)) ≍
ω(Qr(ν
′)) if |ν − ν ′| < L and ω ∈ Arestricted∞ . So, fixed N > r we have that
ω(Qr(ν)) ≍ ω(QNr(ν
′)).
Combining these results it follows that
ω(Qr(z)) ≍ ω(QR(w)), for any z, w such that |z − w| < L,
whenever ω ∈ Arestricted∞ , r < L and R ∈ (r,Nr).
In particular, if ω ∈ Arestricted∞ , for any t > 0 and N ∈ N there is C =
C(ω,N, p) such that
ω (D(a, t)) ≤ ω (D(a,Nt)) ≤ Cω (D(a, t)) , a ∈ C. (2.5)
As a consequence, squares of fixed length can be replaced by discs of fixed
radius in the study of Arestrictedp weights.
Now, let us observe that the class Arestrictedp is invariant under translations.
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Lemma 2.4. Let p ∈ [1,∞). Then, a weight ω belongs to Arestrictedp if and
only for any (equivalently for some) a ∈ C, ω[a](u) := ω(a+ u) ∈ A
restricted
p .
Moreover,
Cp,r(ω) = Cp,r(ω[a]).
Proof. The proof follows immediately from the invariance under translations
of the Lebesgue measure and the definition of the Arestrictedp -weights.

A fundamental property of the classical Muckenhoupt weights is the re-
verse Ho¨lder inequality [6, Theorem 7.4]. So, it is natural to ask whether
or not for each Arestrictedp -weight ω there exists ε > 0 and C(ε, r) > 0 such
that (
1
|Q|
∫
Q
ω1+ε(ζ) dA(ζ)
) 1
1+ε
≤ C(ε, r)
1
|Q|
∫
Q
ω(ζ) dA(ζ), (2.6)
for every cube Q with l(Q) = r. The following considerations provide a
negative answer to this question.
Remark 2.5. • The weight ω(z) = |z|−2
(
log 1
|z|
)−2
∈ Arestricted2 , but
for each ε > 0, ω1+ε /∈ Arestricted2 . So ω does not satisfy (2.6).
• The weight
v(z) = |z|2
(
log
1
|z|
)2
is in Arestricted2 \ ∪1<p<2A
restricted
p . That is, the A
restricted
p -weights do
not satisfy the natural analogue of the (p−ε)-condition which holds
for the classical Ap-Muckenhoupt weights. Moreover, sincee
1
|D(0, r)|2
(∫
D(0,r)
v(z) dA(z)
)(∫
D(0,r)
v−1(z) dA(z)
)
≍ log
1
r
→∞, r → 0,
we deduce that for any r0 > 0, the A
restricted
p -weights do not satisfy
the uniform condition
sup
Qr,r≤r0
1
r2p
∫
Qr
ω dA
(∫
Qr
ω−
p′
p dA
) p
p′
<∞.
2.2. The class Arestricted∞ .
In the classical setting, there are a good number of equivalent conditions
which describe the class A∞ =
⋃
1≤q<∞Aq (see [7], [18, Chapter 5] or [6,
p. 149]). So, it is natural to ask whether or not the class
⋃
q≥1A
restricted
q can
be described by neat analogous conditions to those describing the class A∞.
With this aim, we introduce the following class of weights.
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Definition 2.6. A weight ω satisfies the KTr-property, r > 0, if there exist
constants r > 0, δ ∈ (0, 1) and Cr > 0 such that for any square Q with
l(Q) = r and every measurable set E ⊂ Q it holds that
|E|
|Q|
≤ Cr
(
ω(E)
ω(Q)
)δ
. (2.7)
If we replace in (2.7) the constant Cr by an absolute constant C and
Q runs over all the squares Q, it is obtained a condition which describes
the class A∞ of Muckenhoupt weights [7, Theorem 3.1]. It was introduced
by Kerman and Torchinsky in [12, Proposition 1] in order to describe the
restricted weak-type for the Hardy-Littlewood maximal operator. It follows
from [7, Theorem 3.1] (a result which holds for general basis) that, for each
r > 0, a weight ω ∈ Arestricted∞ if and only if it satisfies the KTr-property.
For the sake of completeness we offer a direct short proof based on the ideas
of the proof of [7, Thorem 3.1].
Proposition C. Let ω be a weight. Then, the following conditions are
equivalent:
(i) ω ∈ Arestricted∞ ;
(ii) ω satisfies the Kerman-Torchinsky KTr-property for any r > 0;
(iii) ω satisfies the Kerman-Torchinsky KTr-property for some r > 0.
Proof. (i) ⇒ (ii). Fix r > 0 and take p > 1 such that ω ∈ Ap,r. Then, if
l(Q) = r and E ⊂ Q, then
|E| ≤ ω(E)1/p (ω′(E))
1/p′
≤ ω(E)1/p (ω′(Q))
1/p′
≤ C1/pp,r (ω)ω(E)
1/p|Q|1/p
′
(
|Q|
ω(Q)
)1/p
,
that is |E|
|Q|
≤ C
1/p
p,r (ω)
(
ω(E)
ω(Q)
)1/p
, which gives (ii) with δ = 1
p
.
(iii) ⇒ (i). Let Q be a square with l(Q) = r. For each λ > 0, let us
denote Eλ = {z ∈ Q : ω(z) <
1
λ
}. Then, by hypothesis there is δ ∈ (0, 1)
and Cr > 0
λω(Eλ) ≤ |Eλ| ≤ Cr|Q|
(
ω(Eλ)
ω(Q)
)δ
,
that is
λ
1
1−δω(Eλ) ≤ Cr,δ
(
|Q|
ω(Q)δ
) 1
1−δ
.
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Take p such that p′ ∈
(
1, 1
1−δ
)
. Then, if we denote dω = ωdA, for any
M > 0∫
Q
ω−p
′/p dA =
∫
Q
ω−p
′
dω = p′
∫ ∞
0
λp
′−1ω(Eλ) dλ
≤ ω(Q)p′
∫ M
0
λp
′−1 dλ+ Cr,δ
(
|Q|
ω(Q)δ
) 1
1−δ
∫ ∞
M
λp
′−1− 1
1−δ dλ
= ω(Q)Mp
′
+ Cr,p,δ
(
|Q|
ω(Q)δ
) 1
1−δ
Mp
′− 1
1−δ ,
so choosing M = |Q|
ω(Q)
we get∫
Q
ω−p
′+1 dA
|Q|
≤ Cr,p,δ
(
|Q|
ω(Q)
)p′−1
,
that is ω ∈ Ap,r, which together with Theorem A finishes the proof. 
2.3. The class Arestricted1 . The primary aim of this section consists on prov-
ing the following result.
Proposition 2.7. Let β > 0 and ω be a weight such that ω(z) > 0 a.e. on
C. Then, the following conditions are equivalent;
(i) ω belongs to A1,r for some r > 0;
(ii) ω belongs to A1,r for any r > 0;
(iii) For any α > 0 there is a positive constant C such that
ω˜(α)(z) ≤ Cω(z) a.e. z ∈ C;
(iv) Pβ is bounded on L
1
β,ω;
(v) P+β is bounded on L
1
β,ω.
Some preliminary results, which will also be used to prove Theorem 1.1,
are needed.
Lemma 2.8. Assume that ω ∈ Arestricted∞ . Then, there exists r0 such that
for any r ∈ (0, r0) and for any β > 0∫
C
e−β|z|
2
ω(z) dA(z) ≤ C(ω, r, β)ω (Qr(0)) <∞.
Proof. Choose r0 > 0 such that |z − ν| ≤ 1 if z ∈ Qr0(ν). So
|ν| ≤ 1 + |z|, z ∈ Qr(ν), r ∈ (0, r0). (2.8)
Given β > 0, choose α ∈ (0, β) and R = R(β) such that
α|z|2 + 2α|z| ≤ β|z|2, if |z| ≥ R.
By (2.5) it is enough to prove that∫
C
e−α|z|
2−2α|z|ω(z) dA(z) ≤ C(α, r, ω)ω (Qr(0)) <∞.
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Now, bearing in mind (2.8) and Lemma B we deduce that∫
C
e−α|z|
2−2α|z|ω(z) dA(z) =
∑
ν∈rZ2
∫
Qr(ν)
e−α|z|
2−2α|z|ω(z) dA(z)
≤ eα
∑
ν∈rZ2
e−α|ν|
2
∫
Qr(ν)
ω(z) dA(z)
≤ C(α, r, ω)ω (Qr(0))
∑
ν∈rZ2
e−α|ν|
2
M |ν|
≤ C(α, r, ω)ω (Qr(0)) <∞.
This finishes the proof. 
Lemma 2.9. If ω ∈ Arestricted∞ , then for any β, t, r > 0 and γ ∈ R∫
C
e−β|u|
2
ω (D(u, t))γ dA(u) ≤ C(γ, β, r, ω, t)ω (Qr(0))
γ <∞.
Proof. Fixed β > 0, choose r0 and α as in the proof of Lemma 2.8. It is
enough to prove that∫
C
e−α|u|
2−2α|u|ω (D(u, t))γ dA(u) ≤ C(α, r, ω, γ, t)ω (Qr(0))
γ <∞.
Next, take N = N(t, r) ∈ N such that
D(u, t) ⊂ QN(ν), u ∈ Qr(ν), ν ∈ rZ
2. (2.9)
Now, bearing in mind (2.8), (2.9), Lemma B and (2.5), we deduce that∫
C
e−α|u|
2−2α|u|ω (D(u, t))γ dA(u)
≤ eα
∑
ν∈rZ2
e−α|ν|
2
∫
Qr(ν)
ω (D(u, t))γ dA(u)
≤ r2eα
∑
ν∈rZ2
e−α|ν|
2
ω (QN(ν))
γ
≤ C(α, r)
∑
ν∈rZ2
e−α|ν|
2
Mγ|ν|ω (QN (0))
γ
≤ C(α, r, ω, t)ω (Qr(0))
γ
∑
ν∈rZ2
e−α|ν|
2
Mγ|ν|
≤ C(α, r, ω, γ, t)ω (Qr(0))
γ <∞.
Next assume that γ < 0. Take p ∈ (1,∞) such that ω ∈ Arestrictedp . Then,
ω′ ∈ Arestricted∞ and
ω (D(u, t))γ ≍ ω′ (D(u, t))−pγ/p
′
, u ∈ C,
so the result follows by applying the above argument to ω′. This finishes
the proof. 
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2.4. Proof of Proposition 2.7. (iii) ⇒ (ii) . Take Q with l(Q) = r > 0.
Then for any z, ζ ∈ Q, |z − ζ |2 ≤ 2r2, so
e−2αr
2
ω(Q) ≤ C(α)ω˜(α)(z) ≤ C(α, ω)ω(z), a.e. z ∈ Q,
which implies (ii) .
(i) ⇒ (iii). Fixed α > 0, r > 0 such that ω ∈ A1,r and z ∈ C. Then, by
Lemma 2.4 and Lemma 2.8
ω˜(α)(z) =
∫
C
e−α|ζ|
2
ω(ζ + z) dA(ζ) ≤ C(α, r, ω)ω[z](Qr(0))
= C(α, r, ω)ω(Qr(z))
≤ C(α, r, ω)infessu∈Qr(z)ω(u) ≤ ω(z), a.e. z ∈ C.
Therefore, we already have proved (i) ⇔ (ii) ⇔ (iii) .
Now, let us observe that
(
L1β(ω)
)⋆
≃ L∞ via the pairing
〈f, g〉L2
β/2
(ω) =
∫
C
f(z)g(z)e−
β
2
|z|2ω(z) dA(z).
So, bearing in mind that the adjoint of Pβ (via the L
2
β/2(ω)-pairing) is
P ⋆β (f)(z) =
β
piω(z)
∫
C
f(ζ)e−
β
2
|ζ−z|2+iβIm(zζ¯)ω(ζ) dA(ζ),
we deduce that (iv) holds if and only if
supesssz∈C
∣∣∣∣ 1ω(z)
∫
C
f(ζ)e−
β
2
|ζ−z|2+iβIm(zζ¯)ω(ζ) dA(ζ)
∣∣∣∣ ≤ C‖f‖L∞.
Therefore, it is clear that (iii)⇒(iv). In order to see the reverse implication,
for each z ∈ C choose fz(ζ) = e
−iβIm(zζ¯). The equivalence (iii) ⇔(v) can be
proved in the same way. This finishes the proof.
3. A Littlewood-Paley formula for Fpα,ω.
3.1. Preliminary results.
In this section we will prove a collection of estimates which will be essen-
tial to prove Theorem 1.1.
Lemma 3.1. Let 0 < p, t < ∞, α ≥ 0 and ω ∈ Arestricted∞ . Then, there
exists a constant C = C(α, p, ω, t) such that
|f(z)|pe−
pα|z|2
2 ≤
C
ω (D(z, t))
∫
D(z,t)
|f(u)|pe−
pα|u|2
2 ω(u) dA(u),
for any z ∈ C and f ∈ H(C).
Proof. Let be p0 ∈ (1,∞) such that ω ∈ A
restricted
p0 . By subharmonacity for
α = 0 and by [16, Lemma 1] (see also [5, Lemma 7]) for α > 0, there is a
constant C > 0 such that
|f(z)|
p
p0 e
− p
p0
α|z|2
2 ≤ C
∫
D(z,t)
|f(u)|
p
p0 e
− p
p0
α|u|2
2 dA(u),
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for any z ∈ C and f ∈ H(C). So,
|f(z)|
p
p0 e
− p
p0
α|z|2
2
≤ C
(∫
D(z,t)
|f(u)|pe−
pα|u|2
2 ω(u) dA(u)
)1/p0 (∫
D(z,t)
ω
−
p′0
p0 (u) dA(u)
)1/p′0
≤
C
(ω (D(z, t)))1/p0
(∫
D(z,t)
|f(u)|pe−
pα|u|2
2 ω(u) dA(u)
)1/p0
.
This finishes the proof. 
The next result follows from Lemma 3.1.
Corollary 3.2. Let 0 < p, α, t < ∞ and let be ω ∈ Arestricted∞ . Then, there
exists a constant C = C(α, p, ω, t) such that
|f(z)| ≤
Ce
α|z|2
2
ω (D(z, t))1/p
‖f‖Fpα,ω
for any z ∈ C and f ∈ H(C).
Let us recall that F∞α , α > 0, is the space of the the entire functions f
such that
‖f‖F∞α = sup
z∈C
|f(z)|e−
α
2
|z|2 <∞.
Proposition 3.3. Let α > 0 and ω ∈ Arestricted∞ . Then:
(i) If 0 < p < q ≤ ∞,
Fpα ⊂ F
q
α.
(ii) For any δ ∈ (0, α),
F∞α−δ ⊂ F
p
α,ω ⊂ F
1
α+δ.
Proof. (i) is well known (see for instance [21, Theorem 2.10]). Let us prove
(ii). Let f ∈ F∞α−δ. By Lemma 2.8
‖f‖p
Fpα,ω
≤ ‖f‖pF∞α−δ
∫
C
e−pδ
|z|2
2 ω(z) dA(z) <∞,
which proves the first embedding.
Now assume that f ∈ Fpα,ω. Then, by Corollary 3.2 and Lemma 2.9
‖f‖F1α+δ . ‖f‖F
p
α,ω
∫
C
e−δ
|z|2
2 ω (D(z, 1))−1/p dA(z) <∞.
This finishes the proof. 
The next result is a technical byproduct of Proposition 3.3(i) which will
be useful to obtain appropriate estimates for 0 < p ≤ 1, in terms of the
ones for p > 1.
Corollary 3.4. Let g ∈ F1β , 0 < β < 2α. Then for θ ∈ (0, 1] we have
[P+α (|g|)(z)]
θ . P+θα(|g|
θ)(z).
14 C. CASCANTE, J. FA`BREGA, AND J. A. PELA´EZ
Proof. For z ∈ C,
[P+α (|g|)(z)]
θ ≍
[∫
C
∣∣g(w)eαwz∣∣ e−α|w|2 dA(w)]θ
≍
∥∥g(·)eα(·)z∥∥θ
F12α
.
∥∥g(·)eα(·)z∥∥θ
Fθ2α
≍
∫
C
|g(w)|θ|eθαwz|e−θα|w|
2
dA(w) ≍ P+θα(|g|
θ)(z).
Note that the condition β < 2α ensures that all the terms in the above
inequalities are finite. 
Lemma 3.5. Assume that 0 < β < 2α and g ∈ F1β . Then, for each z ∈ C:
(i) If γ(α, β) := α
2
2α−β
, then P+α (|g|)(z) ≤ e
γ(α,β)
2
|z|2‖g‖F1β ;
(ii) For a non-negative integer k, g(k)(z) = αkPα(ζ
k
g(ζ))(z);
(iii) If γ > γ(α, β), then g(k) ∈ F1γ .
Proof. Since 0 < β < 2α, we have
R(αzζ)− (α−
β
2
)|ζ |2 ≤ α|z||ζ | −
2α− β
2
|ζ |2 ≤
α2
2(2α− β)
|z|2.
So,
P+α (|g|)(z) =
∫
C
|g(ζ)|e−
β
2
|ζ|2eR(αzζ)−(α−
β
2
)|ζ|2 dA(ζ)
≤ e
γ(α,β)
2
|z|2‖g‖F1β .
(3.1)
Now, fix z ∈ C and take ε > 0 an a polynomial ψ such that
e
γ(α,β)
2
|z|2‖g − ψ‖F1β <
ε
2
and |g(z)− ψ(z)| <
ε
2
.
Then, by (3.1)
|Pα(g)(z)− g(z)| ≤ |Pα(g − ψ)(z)| + |ψ(z)− g(z)|
≤ P+α (|g − ψ|)(z) +
ε
2
≤ e
γ(α,β)
2
|z|2‖g − ψ‖F1β +
ε
2
< ε,
which implies that g(z) = Pα(g)(z), for any z ∈ C. From these results it is
easy to check that g(k)(z) = αkPα(ζ
k
g(ζ))(z).
Finally, observe that |ζ |ke−ε|ζ|
2
is a bounded function for any ε > 0. Thus,
ζkg(ζ) ∈ F1β+ε for any ε > 0. So, (iii) is a consequence of (i) and (ii). 
The next lemma provides a representation formula of a holomorphic func-
tion in terms of its k-th derivatives.
Lemma 3.6. Let β ∈ (0, 2α), k ∈ N and f ∈ F1β. Let Tm(f) be the Taylor
polynomial of degree m for f , centered at z = 0. Then,
f(z) = T2k−1(f)(z) +R2k(f)(z),
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where
R2k(f)(z) :=
α1−k
pi
∫
C
(f(w)− T2k−1(f)(w))
(k)
wk
eαzwe−α|w|
2
dA(w).
In particular, for k = 1 we have
f(z) = f(0) + f ′(0)z +
1
pi
∫
C
f ′(w)− f ′(0)
w
eαzwe−α|w|
2
dA(w).
Proof. By Lemma 3.5 the function gm = f − Tm(f) and its k-th derivatives
are in F1β+δ for any δ > 0. Since
(f(w)− T2k−1(f)(w))
(k) w
k
|w|2k
is bounded on the unit disk, we obtain that this function is in L1β+δ. So,
R2k(f) is a entire function and
(f(w)− T2k−1(f)(w))
(k) =
∞∑
j=2k
f (j)(0)
j!
j(j − 1) . . . (j − k + 1)wj−k
= wk
∞∑
m=0
f (m+2k)(0)
(m+ 2k)!
(m+ 2k)(m+ 2k − 1) . . . (m+ k + 1)wm.
Next, orthogonality gives that
α1−k
pi
∫
C
wk+mwk
|w|2k
eαzwe−α|w|
2
dA(w)
=
α1−k
pi
∫
C
|w|2k+2m
(αz)2k+m
(2k +m)!
e−α|w|
2
dA(w)
=
2α1+k+m
(2k +m)!
(∫ ∞
0
r2k+2m+1e−αr
2
dr
)
z2k+m
=
αk+m
(2k +m)!
(∫ ∞
0
tk+m
αk+m
e−t dt
)
z2k+m =
(k +m)!
(2k +m)!
z2k+m,
where in the previous to the last equality we have made the change of
variables t = αr2. Bearing in mind this calculation, the fact that (f(w)−
T2k−1(f)(w))
(k) wk
|w|2k
is bounded on D, we deduce that
α1−k
pi
∫
C
(f(w)− T2k−1(f)(w))
(k)
wk
eαzwe−α|w|
2
dA(w)
=
∞∑
m=0
(m+ 2k) . . . (m+ k + 1)
f (m+2k)(0)
(m+ 2k)!
α1−k
pi
∫
C
wk+mwk
|w|2k
eαzwe−α|w|
2
dA(w)
=
∞∑
m=0
f (m+2k)(0)
(m+ 2k)!
zm+2k = f(z)− T2k−1(f)(z),
which gives the desired result. 
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Remark 3.7. By Proposition 3.3, if ω ∈ Arestricted∞ then F
p
α,ω ⊂ F
1
α+δ for
any δ > 0. So, all the theses in Corollary 3.4, Lemma 3.5 and Lemma 3.6
remain true replacing F1β by F
p
α,ω in the corresponding hypotheses.
3.2. Main results. First, we will restrict ourselves to the case of the first
derivative.
Lemma 3.8. Let p > 0 and 0 < β < 2α. If ω ∈ Arestricted∞ and g ∈ F
p
β,ω,
then ‖P+α (|g|)‖Lpα,ω . ‖g|‖Fpα,ω .
Proof. By Proposition 2.2(iii), we can assume that ω ∈ Arestrictedp0 for some
p0 > max{p, 1}. Remark 3.7, Corollary 3.4 with θ = p/p0 together Theorem
A give
‖P+α (|g|)‖Lpα,ω . ‖(P
+
pα/p0
(|g|p/p0))p0/p‖Lpα,ω ≍ ‖P
+
pα/p0
(|g|p/p0)‖Lp0
αp/p0,ω
. ‖|g|p/p0‖Lp0
αp/p0,ω
≍ ‖g‖Fpα,ω .
This ends the proof. 
Proposition 3.9. Let 0 < p <∞, α > 0 and ω ∈ Arestricted∞ . Then,
|f(0)|+ ‖f ′‖Fpα,ωp . ‖f‖F
p
α,ω
, f ∈ H(C).
Proof. By Lemma 3.1, there is C = C(p, ω, α) such that
|f(0)|p ≤ C
∫
|z|≤1
|f(z)|pe−p
α
2
|z|2ω(z) dA(z) . ‖f‖p
Fpα,ω
.
So, to conclude the proof we need to show that
‖f ′‖Fpα,ωp . ‖f‖F
p
α,ω
.
By Lemma 2.1, ωp(z) =
ω(z)
(1+|z|)p
∈ Arestricted∞ . So, by Remark 3.7, Lemma 3.5
and Lemma 3.8
‖f ′‖Fpα,ωp . ‖P
+
α (|wf(w)|)‖Lpα,ωp . ‖wf(w)‖F
p
α,ωp
. ‖f‖Fpα,ω .
This ends the proof. 
Proposition 3.10. Let 0 < p <∞, α > 0 and ω ∈ Arestricted∞ . Then,
‖f‖Fpα,ω . |f(0)|+ ‖f
′‖Fpα,ωp , f ∈ H(C).
Proof. By Lemma 2.1, if ω ∈ Arestricted∞ , then ωp is also in A
restricted
∞ . By
Lemma 2.1 and Proposition 3.3 , f ′ ∈ Fpα,ωp ⊂ F
1
α+δ, for any 0 < δ < α. So,
by (1.1), we have f ∈ F1α+δ. Thus, the representation formula in Lemma
3.6 holds and Lemma 2.8 yield
‖f‖Fpα,ω . |f(0)|+ ‖f
′(0)z‖Fpα,ω + ‖R2(f)‖Fpα,ω ,
where
R2(f)(z) =
1
pi
∫
C
f ′(w)− f ′(0)
w
eαzwe−α|w|
2
dA(w).
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By Lemma 3.1 and Proposition 3.3,
|f ′(0)| . ‖f ′‖F1α+δ . ‖f
′‖Fα,ωp , δ > 0.
Since ‖z‖Fpα,ω <∞, we obtain
|f(0)|+ ‖f ′(0)z‖Fpα,ω . |f(0)|+ ‖f
′‖Fα,ωp .
Now, let us deal with the last term above. Let g(ζ) := f
′(ζ)−f ′(0)
ζ
. Let us
observe that if |ζ | ≤ 1 and δ ∈ (0, α), it follows from Proposition 3.3 and
Lemma 2.1
|g(ζ)| =
∣∣∣∣∫ 1
0
f
′′
(tζ)dt
∣∣∣∣ ≤ sup
|w|≤1
|f
′′
(w)|
.
∫
D(0,2)
|f ′(w)|e−(α+δ)|w|
2
dA(w) . ‖f ′‖F1α+δ . ‖f
′‖Fpα,ωp ,
where in the second to last inequality we use that e−(α+δ)|w|
2
≍ 1 on D(0, 2).
Moreover, if |ζ | > 1,
|g(ζ)| ≤ 2
|f ′(ζ)|+ |f ′(0)|
1 + |ζ |
.
|f ′(ζ)|
1 + |ζ |
+ |f ′(0)|.
Thus, g is a entire function which satisfies
|g(ζ)| .
|f ′(ζ)|
1 + |ζ |
+ ‖f ′‖Fpα,ωp ,
which shows that g ∈ Fpα,ω and
‖g‖Fpα,ω . ‖f
′‖Fpα,ωp . (3.2)
Therefore, by Lemma 3.8
‖R2(f)‖Fpα,ω . ‖P
+
α (|g|)(z)‖Lpα,ω . ‖g‖Fpα,ω . ‖f
′‖Fpα,ωp .
This ends the proof. 
Proof of Theorem 1.1. It follows from Propositions 3.9 and 3.10 that
‖f‖Fpα,ω ≍ |f(0)|+ ‖f
′‖Fpα,ωp . (3.3)
By Lemma 2.1, ωkp = (ω(k−1)p)p ∈ A
restricted
∞ for any k ∈ N. Therefore,
consecutive iterations of (3.3) give that
‖f‖Fpα,ω ≍
k−1∑
j=1
|f (j)(0)|+ ‖f (k)‖Fpα,ωkp .
This finishes the proof. 
4. Carleson measures on weighted Fock-Sobolev spaces
We begin proving appropriate norm estimates for the family of test func-
tions employed in the proof of Theorem 1.2.
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4.1. Test functions. We will write Kα,a(z) = Ka(z) = e
αaz for the repro-
ducing kernels of the classical Fock space F2α.
Proposition 4.1. Let α, p ∈ (0,∞) and ω ∈ Arestricted∞ . Then,
‖Ka‖
p
Fpα,ω
≍ eα
p|a|2
2 ω (D(a, 1)) , a ∈ C.
Proof. Bearing in mind that
‖Ka‖
p
Fpα,ω
= eα
p|a|2
2
∫
C
eα
−p|z−a|2
2 ω(z) dA(z) = eα
p|a|2
2
∫
C
eα
−p|u|2
2 ω[a](u) dA(u),
the proof follows from Lemma 2.4 and Lemma 2.8. 
Proposition 4.2. Let α, p ∈ (0,∞) and ω ∈ Arestricted∞ . Then, for any
sequence {aν}ν∈rZ2 ∈ l
p,
f(z) =
∑
ν∈rZ2
aν
Kν(z)
‖Kν‖Fpα,ω
∈ Fpα,ω,
with ‖f‖Fpα,ω . ‖{aν}‖lp.
Proof. If 0 < p ≤ 1, then
‖f‖p
Fpα,ω
≤
∫
C
∑
ν∈rZ2
|aν |
p|Kν(z)|
p
‖Kν‖
p
Fpα,ω
eα
−p|z|2
2 ω(z) dA(z) =
∑
ν∈rZ2
|aν |
p.
If 1 < p <∞, then bearing in mind Proposition 4.1,
‖f‖p
Fpα,ω
.
∫
C
(∑
ν∈rZ2
|aν ||Kν(z)|
eα
|ν|2
2 ω (D(ν, 1))1/p
)p
eα
−p|z|2
2 ω(z) dA(z)
.
∫
C
(∑
ν∈rZ2
|aν |
p|Kν(z)|
eα
|ν|2
2 ω (D(ν, 1))
)(∑
ν∈rZ2
|Kν(z)|
eα
|ν|2
2
)p−1
eα
−p|z|2
2 ω(z) dA(z).
Next, by Lemma 3.1∑
ν∈rZ2
|Kν(z)|e
−α |ν|
2
2 .
∑
ν∈rZ2
∫
D(ν, r2)
|Kz(u)|e
−α |u|
2
2 dA(u)
.
∫
C
|Kz(u)|e
−α
|u|2
2 dA(u) ≍ eα
|z|2
2 , z ∈ C.
So, by Proposition 4.1
‖f‖p
Fpα,ω
.
∑
ν∈rZ2
|aν |
p
eα
|ν|2
2 ω (D(ν, 1))
∫
C
|Kν(z)|e
−α
|z|2
2 ω(z) dA(z)
≍
∑
ν∈rZ2
|aν |
p.
This finishes the proof. 
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4.2. Proof of Theorem 1.2. First, we will deal with the case n = 0. Later
on, we will use Theorem 1.1 to deduce the rest of cases from this particular
one.
4.3. Case p ≤ q.
Theorem 4.3. Let α ∈ (0,∞), ω ∈ Arestricted∞ and let µ be a positive Borel
measure on C. For 0 < p ≤ q <∞, the following conditions are equivalent;
(i) µ is a q-Carleson measure for Fpα,ω;
(ii) ‖Ka‖Lq(µ) . ‖Ka‖Fpα,ω , a ∈ C;
(iii)
∫
D(a,1)
eα
q
2
|z|2 dµ(z) . (ω(D(a, 1)))
q
p , a ∈ C.
Moreover,
‖Id‖
q
Fpα,ω→Lq(µ)
≍ sup
a∈C
‖Ka‖
q
Lq(µ)
‖Ka‖
q
Lp(µ)
≍ sup
a∈C
∫
D(a,1)
eα
q
2
|z|2 dµ(z)
(ω(D(a, 1)))
q
p
.
Proof. Let us denote G := supa∈C
∫
D(a,1)
eα
q
2 |z|
2
dµ(z)
(
∫
D(a,1)
ω(z) dA(z))
q
p
.
(i)⇒(ii) and the inequality ‖Id‖
q
Fpα,ω→Lq(µ)
≥ supa∈C
‖Ka‖
q
Lq(µ)
‖Ka‖
q
Lp(µ)
are clear.
Assume (ii). Then, by Proposition 4.1, for any a ∈ C,∫
C
eqαR(az)e−α
q
2
|a|2 dµ(z) =
∫
C
eα
q
2
|z|2e−α
q
2
|z−a|2 dµ(z) . (ω(D(a, 1)))
q
p .
So, for any a ∈ C,
(ω(D(a, 1)))
q
p &
∫
D(a,1)
eα
q
2
|z|2e−α
q
2
|z−a|2 dµ(z) ≍
∫
D(a,1)
eα
q
2
|z|2 dµ(z),
which gives (iii) and the inequality
sup
a∈C
‖Ka‖
q
Lq(µ)
‖Ka‖
q
Lp(µ)
& sup
a∈C
∫
D(a,1)
eα
q
2
|z|2 dµ(z)
(ω(D(a, 1)))
q
p
.
Now, let us prove (iii)⇒(i). It follows from (iii) and Lemma 3.1 that∫
C
|f(z)|q dµ(z) ≤
∑
ν∈Z2
∫
D(ν,1)
|f(z)|q dµ(z)
=
∑
ν∈Z2
∫
D(ν,1)
∣∣∣∣f(z)e−α |z|22 ∣∣∣∣q eqα |z|22 dµ(z)
.
∑
ν∈Z2
∫
D(ν,1)
∫D(z,1) |f(u)|pe−pα |u|22 ω(u) dA(u)
ω(D(z, 1))

q
p
eqα
|z|2
2 dµ(z).
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By Lemma B (see also Remark 2.3), Lemma 2.8 and the fact thatD(z, 1) ⊂
D(ν, 2) for z ∈ D(ν, 1), we have∫
C
|f(z)|q dµ(z)
.
∑
ν∈Z2
∫D(ν,2) |f(u)|pe−pα |u|22 ω(u) dA(u)
ω(D(ν, 1))

q
p ∫
D(ν,1)
eqα
|z|2
2 dµ(z)
. G
∑
ν∈Z2
(∫
D(ν,2)
|f(u)|pe−pα
|u|2
2 ω(u) dA(u)
)q
p
.
Finally, using Minkowski’s inequality and the fact that {D(ν, 2)}ν∈Z2 is a
covering of C which overlaps finitely many times, it follows that
‖f‖qLq(µ) . G‖f‖
q
Fpα,ω
, f ∈ H(C),
which implies that ‖Id‖
q
Fpα,ω→Lq(µ)
. G and finishes the proof. 
4.4. Case q < p.
Theorem 4.4. Let be α ∈ (0,∞), ω ∈ Arestricted∞ and µ a positive Borel
measure on C. For 0 < q < p <∞, the following conditions are equivalent;
(i) µ is a q-Carleson measure for Fpα,ω;
(ii) The function
H(u) =
∫
D(u,1)
e
qα|z|2
2 dµ(z)
ω (D(u, 1))
∈ L
p
p−q (C, ω).
Moreover,
‖Id‖
q
Fpα,ω→Lq(µ)
≍ ‖H‖Lp/(p−q)(C,ω).
Proof. This proof uses ideas from [13, Theorem 1]. Assume that (ii) holds.
Then, by Lemmas 3.1 and B (see also Remark 2.3), the equivalence (2.5)
and Ho¨lder’s inequality, we obtain∫
C
|f(z)|q dµ(z) .
∫
C
∫D(z,1) |f(u)|qe−qα|u|22 ω(u) dA(u)
ω (D(z, 2))
 e qα|z|22 dµ(z)
.
∫
C
|f(u)|qe
−qα|u|2
2
∫D(u,1) e qα|z|22 dµ(z)
ω (D(u, 1))
ω(u) dA(u)
≤ ‖f‖q
Fpα,ω
∫
C
∫D(u,1) e qα|z|22 dµ(z)
ω (D(u, 1))

p
p−q
ω(u) dA(u),
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which gives (i) and the inequality
‖Id‖
q
Fpα,ω→Lq(µ)
.
∫
C
∫D(u,1) e qα|z|22 dµ(z)
ω (D(u, 1))

p
p−q
ω(u) dA(u).
Reciprocally, assume that (i) holds and let us consider the functions
Gt(z) =
∑
ν∈Z2
aνRν(t)
Kν(z)
‖Kν‖Fpα,ω
where Rν(t) is a sequence of Rademacher functions (see page 336 of [13],
or Appendix A of [8]). So, using Gt as test functions, applying Khinchine’s
inequality and using Proposition 4.2, we deduce that∫
C
(∑
ν∈Z2
|aν |
2 |Kν(z)|
2
‖Kν‖
2
Fpα,ω
) q
2
dµ(z) ≍
∫
C
∫ 1
0
|Gt(z)|
q dt dµ(z)
. ‖Id‖
q
Fpα,ω→Lq(µ)
‖aν‖
q
lp.
(4.1)
Next, bearing in mind that {D (ν, 2)}ν∈Z2 is a covering of C which overlaps
finitely many times, and using Proposition 4.1 it follows that∫
C
(∑
ν∈rZ2
|aν |
2 |Kν(z)|
2
‖Kν‖2Fpα,ω
) q
2
dµ(z)
≥
∫
C
(∑
ν∈rZ2
|aν |
2 |Kν(z)|
2
‖Kν‖2Fpα,ω
χD(ν,2)(z)
) q
2
dµ(z)
&
∫
C
∑
ν∈Z2
|aν |
q |Kν(z)|
q
‖Kν‖
q
Fpα,ω
χD(ν,2)(z) dµ(z)
=
∑
ν∈Z2
|aν |
q
‖Kν‖
q
Fpα,ω
∫
D(ν,2)
|Kν(z)|
q dµ(z)
≍
∑
ν∈Z2
|aν |
qe−
qα|ν|2
2
(ω (D(ν, 1)))
q
p
∫
D(ν,2)
|Kν(z)|
q dµ(z)
≍
∑
ν∈Z2
|aν |
q
(ω (D(ν, 1)))
q
p
∫
D(ν,2)
e
qα|z|2
2 dµ(z).
These estimates together with (4.1) and the classical duality relation
(l
p
q )⋆ ≃ l(
p
q )
′
= l
p
p−q , p > q, gives that
∑
ν∈Z2
∫D(ν,2) e qα|z|22 dµ(z)
ω (D(ν, 1))

p
p−q
ω (D(ν, 1)) =
∑
ν∈Z2
∫D(ν,2) e qα|z|22 dµ(z)
(ω (D(ν, 1)))
q
p

p
p−q
. ‖Id‖
q
Fpα,ω→Lq(µ)
.
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So, bearing in mind Remark 2.3∫
C
∫D(u,1) e qα|z|22 dµ(z)
ω (D(u, 1))

p
p−q
ω(u) dA(u)
.
∑
ν∈Z2
∫D(ν,2) e qα|z|22 dµ(z)
ω (D(ν, 1))

p
p−q
ω (D(ν, 1)) . ‖Id‖
q
Fpα,ω→Lq(µ)
.
This finishes the proof. 
Proof of Theorem 1.2.
The case n = 0 follows from Theorem 4.3 and Theorem 4.4. Next, by
Lemma 2.1
ω ∈ Arestricted∞ ⇔ ωγ(z) =
ω(z)
(1 + |z|)γ
∈ Arestricted∞ .
So the equivalece (ii)⇔(iii) for p ≤ q follows from Theorem 4.3 and the
same equivalence for q < p follows from Theorem 4.4.
Now let us prove (i)⇔(ii). First, assume that n ∈ N and Id : F
p
α,ωnp →
Lq(µ) is bounded, that is
‖f‖Lq(µ) ≤ ‖Id‖Fpα,ωnp→Lq(µ)‖f‖F
p
α,ωnp
, f ∈ H(C).
Then, applying the above inequality to f (n), for each f ∈ H(C), and using
Theorem 1.1 we deduce that
‖f (n)‖Lq(µ) ≤ ‖Id‖Fpα,ωnp→Lq(µ)‖f
(n)‖Fpα,ωnp
≤ ‖Id‖Fpα,ωnp→Lq(µ)
(
n−1∑
k=0
|f (k)(0)|p + ‖f (n)‖p
Fpα,ωnp
)1/p
≍ ‖Id‖Fpα,ωnp→Lq(µ)‖f‖F
p
α,ω
,
that isD(n) : Fpα,ω → L
q(µ) is bounded and ‖D(n)‖Fpα,ω→Lq(µ) . ‖Id‖Fpα,ωnp→Lq(µ).
Reciprocally, assume that D(n) : Fpα,ω → L
q(µ) is bounded, that is,
‖f (n)‖Lq(µ) ≤ ‖D
(n)‖Fpα,ω→Lq(µ)‖f‖Fpα,ω , f ∈ H(C).
Then, by Theorem 1.1,
‖f (n)‖Lq(µ) ≤ ‖D
(n)‖Fpα,ω→Lq(µ)
(
n−1∑
k=0
|f (k)(0)|p + ‖f (n)‖p
Fpα,ωnp
)1/p
, f ∈ H(C).
Now, replacing in the above inequality f by D(−n)(f), it follows that
‖f‖Lq(µ) ≤ ‖D
(n)‖Fpα,ω→Lq(µ)‖f‖Fpα,ωnp , f ∈ H(C).
Therefore, Id : F
p
α,ωnp → L
q(µ) is bounded and
‖Id‖Fpα,ωnp→Lq(µ)‖ . ‖D
(n)‖Fpα,ω→Lq(µ).
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Consequently, we have already proved (i)⇔(ii)⇔(iii), as well as (1.2) and
(1.4), for any n ∈ N ∪ {0}.
Second, assume that n is a negative integer and D(n) : Fpα,ω → L
q(µ) is
bounded, that is,
‖D(n)(f)‖Lq(µ) ≤ ‖D
(n)‖Fpα,ω→Lq(µ)‖f‖Fpα,ω , f ∈ H(C).
Then, applying the above inequality to f (−n) and using Theorem 1.1 (with
ωnp) it follows that
‖f‖Lq(µ) .
(
‖D(n)‖Fpα,ω→Lq(µ) + Cµ,n
)(−n−1∑
k=0
|f (k)(0)|p + ‖f (−n)‖p
Fpα,ω
)1/p
≍
(
‖D(n)‖Fpα,ω→Lq(µ) + Cµ,n
)
‖f‖Fpα,ωnp .
So, Id : F
p
α,ωnp → L
q(µ) is bounded and
‖Id‖Fpα,ωnp→Lq(µ) . ‖D
(n)‖Fpα,ω→Lq(µ) + Cµ,n.
Finally, assume that Id : F
p
α,ωnp → L
q(µ) is bounded, that is,
‖f‖Lq(µ) ≤ ‖Id‖Fpα,ωnp→Lq(µ)‖f‖F
p
α,ωnp
, f ∈ H(C).
Then, replacing in the above inequality f by D(n)(f) and applying Theo-
rem 1.1 (with ωnp), it follows that
‖D(n)(f)‖Lq(µ) ≤ ‖Id‖Fpα,ωnp→Lq(µ)‖D
(n)(f)‖Fpα,ωnp ≍ ‖Id‖F
p
α,ωnp→L
q(µ)‖f‖Fpα,ω .
So,D(n) : Fpα,ω → L
q(µ) is bounded and ‖D(n)‖Fpα,ω→Lq(µ) . ‖Id‖Fpα,ωnp→Lq(µ).
Consequently, (i)⇔(ii)⇔(iii), as well as (1.3) and (1.5) hold for any negative
integer n. This finishes the proof. 
5. Pointwise multipliers and embeddings
In this section, by using Theorem 1.2 (with n = 0) we provide descriptions
of the space of pointwise multipliers Fpα,ω to F
q
β,η, where 0 < q, p < ∞ and
ω is a Arestricted∞ -weight. Since the constant functions are in F
p
α,ω, then
Mult(Fpα,ω,F
q
β,η) ⊂ F
q
β,η.
In fact, it follows from the closed graph theorem that
g ∈Mult(Fpα,ω,F
q
β,η) if and only if
dµg(z) := |g(z)|
qe−q
β
2
|z|2η(z)dA(z)
is a q-Carleson measure for Fpα,ω. Thus, Theorem 1.2 yields the following
result.
Corollary 5.1. Let α, β > 0, ω ∈ Arestricted∞ and η be a weight. If g ∈ F
q
β,η,
then
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(i) If 0 < p ≤ q < ∞, g ∈ Mult(Fpα,ω → F
q
β,η) if and only if there
exists C > 0 such that
G(u) :=
1
ω(D(u, 1))
∫
D(u,1)
|g(z)|qe−q
β−α
2
|z|2η(z)dA(z) ≤ Cω(D(u, 1))(q−p)/p,
for any u ∈ C.
(ii) If 0 < q < p < ∞, g ∈ Mult(Fpα,ω,F
q
β,η) if and only if G ∈
Lp/(p−q)(C, ω).
In particular, taking g = 1 in the above corollary we obtain the next
result.
Corollary 5.2. Let α, β > 0, ω ∈ Arestricted∞ and η be a weight. Then,
(i) If 0 < p ≤ q < ∞, Fpα,ω ⊂ F
q
β,η if and only if there exists C > 0
such that
G1(u) :=
1
ω(D(u, 1))
∫
D(u,1)
e−q
β−α
2
|z|2η(z)dA(z) ≤ Cω(D(u, 1))(q−p)/p,
for any u ∈ C.
(ii) If 0 < q < p <∞, Fpα,ω ⊂ F
q
β,η if and only if G1 ∈ L
p/(p−q)(C, ω).
Despite the conditions in Corollary 5.1 are useful in praxis, let us see they
are particularly neat when both weights coincide.
Proposition 5.3. If β < α, then Mult(Fpα,ω,F
q
β,ω) = 0.
Proof. Let δ ∈ (0,min
{
α, α−β
2
}
). By Proposition 3.3, F∞α−δ ⊂ F
p
α,ω and
F qβ,ω ⊂ F
∞
β+δ, so
Mult(Fpα,ω,F
q
β,ω) ⊂Mult(F
∞
α−δ,F
∞
β+δ).
For each a ∈ C consider the function fa(z) = e
(α−δ)za. Since
|fa(z)|e
−(α−δ)|z|2/2 ≤ e(α−δ)|a|
2/2 = ‖fa‖F∞α−δ ,
for any g ∈ Mult(F∞α−δ,F
∞
β+δ),
|g(a)|e(2α−β−3δ)|a|
2/2 = |g(a)fa(a)|e
−(β+δ)|a|2/2 ≤ ‖gfa‖F∞β+δ
. ‖fa‖F∞α−δ = e
(α−δ)|a|2/2,
which gives |g(a)| . e(β−α+2δ)|a|
2/2.
Since β − α + 2δ < 0, the maximum modulus principle gives g = 0. 
Theorem 5.4. Let α, β > 0 and ω ∈ Arestricted∞ . Then,
(i) If α < β, then Mult(Fpα,ω,F
p
β,ω) = F
∞
β−α;
(ii) Mult(Fpα,ω,F
p
α,ω) = C;
(iii) If q > p and α ≤ β, then g ∈Mult(Fpα,ω,F
q
β,ω) if and only if
|g(u)|e
α−β
2
|u|2 . ω(D(u, 1))(q−p)/pq;
(iv) If p > q > 0 and α < β, then Mult(Fpα,ω,F
q
β,ω) = F
pq/(p−q)
β−α,ω ;
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(v) If p > q > 0, then Mult(Fpα,ω,F
q
α,ω) = H(C) ∩ L
pq/(p−q)(C, ω).
Proof. Bearing in mind Corollary 5.1, in each case (i)-(v), it is easy to
see that the condition describing Mult(Fpα,ω,F
q
α,ω) is sufficient. Indeed, in
order to prove this implication in (i), (ii) and (iii), it is enough to use these
conditions to prove that the corresponding functionG satisfies the inequality
in Corollary 5.1(i). In (iii), we also use that ω(D(z, 1)) ≍ ω(D(u, 1)) for any
z ∈ D(u, 1) (see Lemma B). The analogue implications in (iv), (v) follow
from Corollary 5.1(ii) and Ho¨lder’s inequality with exponent p/q.
In each case (i)-(v), the reverse direction follows from Corollary 5.1 and
Lemma 3.1, which provides the pointwise estimate
|g(u)|e
α−β
2
|u|2 . G(u)1/q, β ≥ α.
In particular, this estimate in (ii) gives Mult(Fpα,ω,F
p
α,ω) ⊂ H(C) ∩ L
∞,
which, by Liouville’s theorem, coincides with C. 
It is worth mentioning that Proposition 5.3 and Theorem 5.4, together
with Theorem 1.1, provide descriptions of pointwise multipliers between
Fock-Sobolev spaces induced by Arestricted∞ -weights.
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